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Framework

Assumptions

the relationship between a response variable and some continuous covariates
might be piecewice linear

we are interested in the estimate of the number and position of the points of
departure from linearity

Linear model :
y = zᵀα+ f (x) + ε

where f (x) is a regression spline

f (x) = β0 + β1x +
K∑

k=1

γk (x − ξk )+

B (x − ξk )+ = max(0, x − ξk )

B ξk position of the k th knot
B K total number of knots

! ! Truncated linear basis : knot locations represent changing points for the slope
→ low number of knots, basis is not orthogonal
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Knots : number and location

fix number and location of knots

fix the number of knots and estimate knot locations
estimate both number and location of knots

In the first two settings it is possible to compare models throught information criteria or
using variable selection techniques.

In the third setting, transdimensional techniques (RJMCMC) have to be applied.

Free knots : knots location estimated with the regression coefficients

! The knots estimation problem is a non-linear optimization problem.

Bayesian approach :

Computational and methodological flexibility

Constraints on the free-knots locations may be expressed through an appropriate
definition of the prior distribution
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Knots : number and location

NVS : Estimate several models with free knot locations and with increasing but fixed
number of knots and compare them through information criteria.

Prior distributions and constraints :

B α,β, γ weakly informative prior distribution

B ξ ∼ Uniform(min(X),max(X)), subject to ξk ≤ ξk+1, for k = 1, . . . ,K

Note that each knot location is uniquely linked to a spline coefficient
⇒ the presence of a knot can be evaluated on the analysis of the associated
coefficient posterior distribution.

Perform variable selection on the basis functions.

A two-step methodology

select the optimal number of knots considering a large, possibly,
overparameterized model with free knot locations

fit the final model by simultaneously estimating locations of knots and regression
and spline coefficients
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Note that in the overparameterized model the posterior of some knot locations
concentrate at the limits of the predictor range.

Stochastic search variable selection (SSVSξ)

π(γk |λk ) = λk N(0, σsl ) + (1− λk )N(0, σsp)

and the mixing proportion
λk |ξk ∼ Beta(a, bk )

where a = 0.5 and bk : [min(X);max(X)]→ [a; 1 + a] is a U-shaped even function of
the knot location.
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From a horseshoe shaped distribution to concentrate on values close to zero
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Mixing parameter posterior distributions

To test if the method is able to estimate the correct number of knots even if they are
many and close together

If a high number of knots is expected, this methodology may be not appropriate. . .

Gioia Di Credico, Francesco Pauli and Nicola Torelli Bayesian free-knots splines November 22, 2019 6 / 14



Framework Knots The model Simulation study Real data application Discussion

Knot locations posterior distributions

. . . but the knots corresponding to the most evident slope changes are correctly
identified
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Head & Neck cancer - INHANCE consortium

Model the association between the risk factors and the outcome, adjusting for possible
confounders

Current smokers - larynx : 24.642 subjects from 27 case-control studies collected worldwide
Exposures : intensity and duration of cigarettes consumption
Confounders : age, sex, race, education, study, drinking habits
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Semiparametric logistic model and TLB expansion

Pr(Y = 1|Z ) = P(Z )

logit(P(Z )) = log

[
P(Z )

1− P(Z )

]
= Zα+ f (x)⊗ f (w)

where
B Y ∼ Bernoulli(P(Z ))

B logit : (0, 1)→ R canonical link function

B Z = (Z1, . . . , Zp−m)

B X = Zp−m+1, m = 1, 2

B f : R2 → R an arbitrary smooth function
→ representing non-linear associations between continuous predictors and the log-odds of
the binary outcome
→ spline functions

! Number of parameters : 4 + 2(Kx + Kw ) + Kx Kw

Meaningful knots that highlight cut-points in the risk pattern with biological
interpretation
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Current smokers - larynx
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Current smokers - larynx

Parameter Rhat n_eff mean sd 2.5% 50% 97.5%

Intensity 1 3,897 25.4 1.4 22.3 25.5 27.8
Duration 1 3,693 30.2 3.3 23.9 30.5 35.8

Iso pack-year points : OR ∼ 6 for 40 cigarettes/day and 10 years of duration, but 9 < OR < 10 for 10

cigarettes/day and 40 years of duration
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X A well-known variable selection technique has been adapted in order to estimate
the presence or absence of knots in possible overparameterised models. Once
that the number of knots is selected, the appropriate model can be fitted with the
preferred technique

X The method gives us a first guess on the knot locations→ useful in the
initialisation step of algorithms with difficulties in exploring entirely the parameter
space

X SSVSξ requires a higher number of parameters to be estimated if compared with
one model as specified in the NVS, but only one model needs to be fitted to select
the number on knots

more complex models considering also higher degree splines

comparing this procedure with alternative Bayesian approaches proposed in the
literature
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Thank you for your attention !
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